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Automorphism Groups of Generalized Quadrangles via an Unusual
Action of P0L(2, 2h)
CHRISTINE M. O’KEEFE† AND TIM PENTTILA
We introduce a new, simpler method for the calculation of automorphism groups of flock quadran-
gles in characteristic 2, and illustrate the power of this new perspective by obtaining new character-
izations of three of the four known families of flock quadrangles. Underlying this perspective is an
unusual action of P0L(2, 2h) which leads to new insights about the groups of ovals in PG(2, 2h), and
is of considerable interest independent of the connection with flock quadrangles, which arises via the
herd model.
c© 2002 Academic Press
1. INTRODUCTION
The last decade has seen increasing activity and major advances in the connected areas
of translation planes, flocks of quadratic cones and generalized quadrangles. We recall that
in 1976 Walker [37] and Thas independently proved that to a flock of a quadratic cones in
PG(3, q) there corresponds a translation plane of order q2 and of dimension at most two
over its kernel. Later, in 1987, Thas [35] showed that to such a flock there also corresponds
an elation generalized quadrangle of order (q2, q) and for the purposes of this paper such
generalized quadrangles will be called flock quadrangles.
In fact, to each flock quadrangle there correspond q + 1 flocks of a quadratic cone, and
hence q + 1 translation planes, as shown in 1989 by Payne [1, 21, 30] in the case of q even
and in 1990 by Bader et al. [3] in the case of q odd. Now these q + 1 flocks need not be
isomorphic; rather, the number of isomorphism classes of flocks is the number of orbits of the
automorphism group of the flock quadrangle on the lines through the base point. (In all but
the classical case of the unitary quadrangle and the linear flock, Payne and Thas [30] showed
that the base point is fixed by the automorphism group of the flock quadrangle.) Moreover,
the connection between flocks and translation planes means that the same result holds for the
number of isomorphism classes of the associated translation planes. Thus the importance of
the role of the automorphism group of a flock quadrangle is heightened by the relationship
between the flock quadrangle and the associated flocks.
In a series of seven papers [1, 22–25, 28, 31], between 1990 and 1996, and in the unpub-
lished Subiaco Notebook [26] available on the web, Payne (sometimes working jointly) has
worked on the automorphism group of a flock quadrangle through the development and ap-
plication of the Fundamental Theorem of q-clan geometry, where a q-clan is a set of q 2 × 2
matrices over GF(q) whose differences are anisotropic. The relevance of q-clans is that each
flock quadrangle can be constructed from a suitable q-clan by means of the group coset ge-
ometry of Kantor [10] as further developed by Payne [18], Kantor [11] and Payne [19], all
between 1980 and 1986. In this case the group involved is a special group G of order q5,
isomorphic to a unipotent subgroup of U(4, q), namely the stabilizer of all the lines through a
point x and of a point y not collinear with x in the classical quadrangle H(3, q2). The group
coset construction and G are described in Section 1.1.
Actually, all known generalized quadrangles of order (q2, q) are elation generalized quad-
rangles, and so arise by means of Kantor’s group coset construction, and all but the duals of
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T3(), where  is a Tits ovoid (on which Sz(q) acts) arise from the group G. (However, not
all arise via q-clans, for example the Roman quadrangles of Payne [20, 21] and one of the
quadrangles of Bader et al. [2].)
The basic idea underlying the Fundamental Theorem is the establishment of a connection
between automorphisms of a flock quadrangle and automorphisms of G. Since a flock quad-
rangle is an elation generalized quadrangle with base point (∞), to determine the automor-
phism group of a non-classical flock quadrangle it is sufficient to determine the stabilizer
of (0, 0, 0) in the automorphism group (since the automorphism group is isomorphic to the
semidirect product of G with this stabilizer). Further, each automorphism of the generalized
quadrangle stabilizing (0, 0, 0) is induced by an automorphism of G.
Despite the amount of effort put into its development, the extremely technical nature of the
Fundamental Theorem in all its incarnations begs for a simplification.
In the case of odd characteristic, two outstanding contributions to a simplification are the
1990 paper of Bader et al. [3] and the 1992 paper of Knarr [12]. The former describes a method
of constructing q further flocks from a given flock by means of a set of points on a parabolic
quadric in PG(4, q), now called a BLT-set, and the latter gives a geometric construction of an
elation generalized quadrangle from a BLT-set.
Knarr’s construction takes place in six-dimensional symplectic space, with a point p playing
the role of the base point (∞) of the elation generalized quadrangle, involves a BLT-set B in
the four-dimensional symplectic space p⊥/p and produces a generalized quadrangle K(B) of
order (q2, q). (Here the duality between the generalized quadrangle W(q), on which Sp(4, q)
acts, and the generalized quadrangle Q(4, q) associated with a parabolic quadric in PG(4, q),
on which O(5, q) acts, is being applied.) The simplification of the Fundamental Theorem
for odd characteristic mentioned above is the theorem that, if K(B) is non-classical, then
AutK(B) = P0Sp(6, q)p,B, see [30].
Unfortunately, the analogue of Knarr’s construction in characteristic 2 given recently by
Thas [36] provides no such insights into the automorphism group of the flock quadrangles.
However, in this case the group G admits automorphisms which allow the identification of
Z = Z(G) = 8(G) = G′ with GF(q) in such a way that G/Z is isomorphic to a four-
dimensional vector space over GF(q) on which the commutator induces a quadratic form of
plus type polarizing to this bilinear form. This extra structure on G in the case of characteris-
tic 2 allows a different approach to automorphism calculations, as exemplified by Payne [24].
This treatment is still extremely technical in nature, and in the following we address the ques-
tion of simplifying the Fundamental Theorem in the case of characteristic 2.
In characteristic 2 the connections between a flock quadrangle and the associated flocks
and translation planes are more complicated than in the odd characteristic case. Payne’s 1989
theory of recoordinatizing an elation generalized quadrangle [1, 21, 30] still leads to a class
of q + 1 flocks, and Thas’ 1999 geometric construction of the associated elation generalized
quadrangle from a flock [36] generalizes Knarr’s construction, though it is considerably more
difficult. In compensation, there is a rich association with ovals and hyperovals which is miss-
ing for q odd. A breakthrough in the connection with ovals was made in 1996 by Cherowitzo
et al. [7], who introduced the concept of a herd of q + 1 ovals of PG(2, q), building on work
of Payne from 1985.
The results obtained in our paper will emphasize the herd model as being the appropri-
ate one for automorphism group calculations in characteristic 2. In particular, in the spirit
of Mason [13, p. 343], we will view flock quadrangles in characteristic 2 as tapestries of
interwoven subquadrangles T2(O) and achieve characterizations of three of the four known
infinite classes of flock quadrangles in terms of their symmetries in the light of
that perspective.
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Therefore, one of the main purposes of our paper is to simplify both the statement and the
application of the Fundamental Theorem in characteristic 2 by the use of the herd model.
This is achieved by introducing an action of 0L(2, q) on functions from GF(q) to GF(q) with
a zero at 0, called the magic action (see Lemma 1), then showing that the action preserves
the set of o-polynomials (the polynomials associated with ovals in PG(2, q) up to a scalar
multiple), Theorem 4, and finally interpreting this in terms of projective equivalence under
P0L(3, q) of the corresponding ovals, Theorems 4 and 6.
When herds were first introduced by Cherowitzo et al. [7], the authors deliberately avoided
the question of isomorphism of herds, because of its difficulty. The magic action allows this
problem to be addressed in Section 3. Following this, the automorphism groups of all the
known herds can be calculated in a very short way, in contrast to the many published pages ex-
pended in the past. In Section 4, Theorem 16 elucidates the correspondence between the group
of a herd and that of the corresponding generalized quadrangle, with Corollary 17 showing
that the group of a herd is the group induced on the lines through (∞) by the automorphism
group of the corresponding non-classical generalized quadrangle.
Finally, characterizations of three of the four known infinite families of flock quadrangles
are achieved by applying these ideas in the cases where the herd admits a Sylow 2-subgroup
of PGL(2, q) or a cyclic subgroup of order q − 1 of PGL(2, q). No such characterization has
yet been achieved for a cyclic subgroup of order q + 1, which would deal with the remaining
family (the Subiaco quadrangles) and, in the light of the work of Payne et al. [32], is likely
to lead to a further family. The advances achieved in this paper allow for the first time the
interpretation of the cyclic q-clan hypothesis in the herd model and so are likely to lead to a
breakthrough even in that difficult case.
1.1. Preliminaries. We first review Kantor’s construction of an elation generalized quad-
rangle from a 4-gonal family ([10], see [29, 8.2]). Let G be a group of order s2t for some
integers s, t. Let F = {Si : i = 0, . . . , t} be a family of t + 1 subgroups of G, each of order
s, such that for each i = 0, . . . , t there is a subgroup S∗i of G of order st containing Si and
with the following properties:
(K1) Si S j ∩ Sk = {1} for distinct i, j, k and
(K2) S∗i ∩ S j = {1} for distinct i, j .
Such a family F of subgroups is called a 4-gonal family for G. It is straightforward to verify
that the following incidence structure is an elation generalized quadrangle (with base point
(∞)) of order (s, t), on which G acts by left multiplication as a group of elations:
points: (i) elements g ∈ G, (ii) cosets gS∗i for g ∈ G and i = 0, . . . , t and (iii) a symbol (∞),
lines: (a) cosets gSi for g ∈ G and i = 0, . . . , t and (b) symbols [Si ] for i = 0, . . . , t .
(Here we use left cosets, in contrast to much of the literature, which uses right cosets, because
groups are acting on the left throughout this paper.) A point g of type (i) is incident with each
line gSi for i = 0, . . . , t . A point gS∗i of type (ii) is incident with the line [Si ] and with each
line hSi contained in gS∗i . The point (∞) is incident with each line [Si ] for i = 0, . . . , t .
There are no further incidences.
Let C = {At : t ∈ GF(q)} be a collection of 2 × 2 matrices with entries from GF(q).
In the following, vectors will be column vectors and matrices therefore multiply on the left.
Following Payne [21], we call C a q-clan if As − At is anisotropic (that is, for x ∈ GF(q)2
and for s, t ∈ GF(q) with s 6= t the equation xT (As − At )x = 0 has only the trivial solution
x = 0.) As is discussed by Cherowitzo et al. [7], without loss of generality we can assume
that
At =
( f (t) t1/2
0 κg(t)
)
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where trace(κ) = 1, f and g are functions on GF(q) satisfying f (0) = g(0) = 0 and
f (1) = g(1) = 1 and
trace
(
κ( f (s)+ f (t))(g(s)+ g(t))
s + t
)
= 1
for all s, t ∈ GF(q) with s 6= t . (It follows immediately that f and g are permutation polyno-
mials.) We call a q-clan normalized if it is written in this standard form.
Let G = {(α, c, β) : α, β ∈ GF(q)2, c ∈ GF(q)}, with multiplication defined as
(α, c, β)(α′, c′, β ′) = (α + α′, c + c′ + β ◦ α′, β + β ′),
where (since α, β are 2-tuples of elements of GF(q)) we define
β ◦ α =
√
βT Pα, with P =
(
0 1
1 0
)
.
Let C be a normalized q-clan, and define the following subgroups of G:
A(∞) = {(0, 0, β) : β ∈ GF(q)2} and
A(t) = {(α,√αT Atα, t1/2α) : α ∈ GF(q)2}, t ∈ GF(q).
For each t ∈ GF(q)∪ {∞} let A∗(t) = A(t)Z where Z = {(0, c, 0) : c ∈ GF(q)} is the centre
of G. Then F = {A(t) : t ∈ GF(q) ∪ {∞}} is a 4-gonal family for G ([19], see [29, 10.4]).
We have therefore outlined a process by which a (normalized) q-clan C gives rise to a 4-
gonal family for the group G above, and hence to an elation generalized quadrangle GQ(C) of
order (q2, q). Further, a q-clan is equivalent to a flock of a quadratic cone [19, 35] and thus
gives rise to a translation plane of order q2 [37] and Thas.
Payne and Maneri [27, Theorem 1] show that a GQ arising from a 4-gonal family for a group
G can have a subquadrangle arising from a certain type of 4-gonal family for a subgroup of G.
These results guarantee the existence of certain subquadrangles in GQ(C), as in Payne [19].
Let C = {At : t ∈ GF(q)} be a normalized q-clan. If we write gt (α) =
√
αT Atα for
each t ∈ GF(q) and α ∈ GF(q)2, then for k ∈ GF(q) \ {0} we have gt (kα) = kgt (α). It
follows immediately that the map (α, c, β) 7→ (kα, kc, kβ) is an automorphism of G which
fixes setwise each subgroup A(t) for t ∈ GF(q) ∪ {∞}. For α ∈ GF(q)2 \ {0}, it is easy
to verify that Gα = {(xα, z, yα) : x, y, z ∈ GF(q)} is a subgroup of G of order q3 with
Z ≤ Gα . For each t ∈ GF(q) ∪ {∞}, put Aα(t) = Gα ∩ A(t); so that |Aα(t)| = q . Then
{Aα(t) : t ∈ GF(q) ∪ {∞}} is a 4-gonal family for Gα . So for each α ∈ GF(q)2 \ {0}, there
exists a subquadrangle Sα of GQ(C) of order q which contains the points (∞) and (0, 0, 0)
of GQ(C). Since Gα = Gβ if and only if α = λβ for some λ ∈ GF(q) \ {0}, there are q + 1
distinct subgroups Gα and hence q + 1 distinct subquadrangles Sα .
We now investigate these subquadrangles further. Let α ∈ GF(q)2 \ {0}. Then
Aα(∞) = {(0, 0, yα) : y ∈ GF(q)}
Aα(t) =
{(
xα, x
√
αT Atα, xt1/2α
)
: x ∈ GF(q)}.
Clearly Gα is a three-dimensional vector space over GF(q), and the isomorphism (xα, z, yα)
7→ (x, y, z) of Gα onto PG(2, q) gives the standard coordinates (x, y, z) for Gα . Under these
standard coordinates, Aα(∞) is the point (0, 1, 0) and Aα(t) is the point
(
1, t1/2,
√
αT Atα
)
.
For each α ∈ GF(q)2 \ {0}, we therefore have a set of points
O ′α =
{(
1, t1/2,
√
αT Atα
)
: t ∈ GF(q)} ∪ {(0, 1, 0)}.
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The q + 1 distinct subgroups Gα arise from the q + 1 elements α = (0, 1) and (1, s1/2) for
s ∈ GF(q). For these q + 1 values of α, we substitute for α and At in the set O′α to obtain
O′(0,1) =
{(
1, t1/2,
√
κg(t)
)
: t ∈ GF(q)} ∪ {(0, 1, 0)}
O′
(1,s1/2) =
{(
1, t1/2,
√
f (t)+ s1/2t1/2 + sκg(t)) : t ∈ GF(q)}
∪{(0, 1, 0)}.
We now apply the collineation (x, y, z) 7→ (x2, y2, z2), and if α 6= (0, 1) we divide the third
coordinate by an appropriate constant. These calculations show that each O′α is projectively
equivalent to the set Oα where
O(0,1) = {(1, t, g(t)) : t ∈ GF(q)} ∪ {(0, 1, 0)} and
O(1,s1/2) =
{(
1, t,
f (t)+ κsg(t)+ s1/2t1/2
1 + κs + s1/2
)
: t ∈ GF(q)
}
∪ {(0, 1, 0)}.
As in [19] (see [18, Section IV, Example 1]), eachOα is an oval in the PG(2, q) corresponding
via the standard coordinates to Gα . Each such oval has nucleus (0, 0, 1), which are the standard
coordinates for Z . Further, the standard isomorphism gives a correspondence between the 4-
gonal family {Aα(t) : t ∈ GF(q) ∪ {∞}} for Gα and the 4-gonal family in [18, Section IV,
Example 1], showing that the generalized quadrangle Sα is isomorphic to the generalized
quadrangle T2(Oα).
Thus Payne [19] has constructed q+1 subquadrangles of GQ(C), each of the form T2(Oα);
and so q + 1 ovals, one in each Gα .
Following Cherowitzo et al. [7], a herd of ovals in PG(2, q), q even, is a family of q + 1
ovals {Os : s ∈ GF(q) ∪ {∞}}, each of which has nucleus (0, 0, 1) and contains the points
(1, 0, 0), (0, 1, 0) and (1, 1, 1), and such that
O∞ = {(1, t, f∞(t)) : t ∈ GF(q)} ∪ {(0, 1, 0)} and
Os = {(1, t, fs(t)) : t ∈ GF(q)} ∪ {(0, 1, 0)}, s ∈ GF(q)
where
fs(t) = f0(t)+ κs f∞(t)+ s
1/2t1/2
1 + κs + s1/2
for some κ ∈ GF(q) satisfying trace(κ) = 1.
In [7] it is proved that such a herd of ovals gives rise to a (normalized) q-clan{( f0(t) t1/2
0 κ f∞(t)
)
: t ∈ GF(q)
}
.
Conversely, such a normalized q-clan C is shown to correspond to a herd of ovals H(C).
We note that the images of Payne’s ovals Oα under the standard isomorphism (and under a
collineation if necessary to ensure that each oval contains the point (1, 1, 1)) are the ovals of
the herd H(C).
2. AN ACTION OF P0L(2, q) ON A VECTOR SPACE OF FUNCTIONS
Let F denote the collection of all functions f : GF(q)→ GF(q) such that f (0) = 0. Note
that each element of F can be expressed as a polynomial in one variable of degree at most
q − 1 and that F is a vector space over GF(q). If f (x) = ∑ ai x i ∈ F and γ ∈ Aut GF(q)
then we write f γ (x) =∑ aγi x i or, equivalently, f γ (x) = ( f (x1/γ ))γ .
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We will be concerned with the group P0L(2, q) acting on the projective line PG(1, q), that is,
P0L(2, q) = {x 7→ Axγ : A ∈ GL(2, q), γ ∈ Aut GF(q)}.
LEMMA 1. For each f ∈ F andψ ∈ P0L(2, q), whereψ : x 7→ Axγ for A =
(
a b
c d
)
∈
GL(2, q) and γ ∈ Aut GF(q), let the image of f under ψ be the function ψ f : GF(q) →
GF(q) such that
ψ f (x) = |A|−1/2
[
(bx + d) f γ
(
ax + c
bx + d
)
+ bx f γ
(
a
b
)
+ d f γ
(
c
d
)]
.
Then this definition yields an action of P0L(2, q) on F , which we will call the magic action.
PROOF. First, if f ∈ F then ψ f (0) = 0 (as q is even) so ψ f ∈ F . Next we show that the
formula in the statement of this lemma yields an action of 0L(2, q) onF . The identity element
of 0L(2, q) is 1 : x 7→ Axγ where A is the identity matrix and γ = 1; so 1 f (x) = f (x). Let
ψ1, ψ2 ∈ 0L(2, q) be ψ1 : x 7→ A1xγ1 and ψ2 : x 7→ A2xγ2 where A1 =
(
a1 b1
c1 d1
)
, A2 =(
a2 b2
c2 d2
)
∈ GL(2, q) and γ1, γ2 ∈ Aut GF(q). First, ψ2ψ1 : x 7→ A2 Aγ21 xγ1γ2 so that
(ψ2ψ1) f (x) = |A2 Aγ21 |−1/2((bγ21 a2 + dγ21 b2)x + bγ21 c2 + dγ21 d2)
× f γ1γ2
(
(a
γ2
1 a2 + cγ21 b2)x + aγ21 c2 + cγ21 d2
(bγ21 a2 + dγ21 b2)x + bγ21 c2 + dγ21 d2
)
+ |A2 Aγ21 |−1/2(bγ21 a2 + dγ21 b2) f γ1γ2
(
a
γ2
1 a2 + cγ21 b2
bγ21 a2 + dγ21 b2
)
x
+ |A2 Aγ21 |−1/2(bγ21 c2 + dγ21 d2) f γ1γ2
(
a
γ2
1 c2 + cγ21 d2
bγ21 c2 + dγ21 d2
)
.
On the other hand,
ψ1 f (y) = |A1|− 12 (b1 y + d1)
[
f
(
a
1/γ1
1 y
1/γ1 + c1/γ11
b1/γ11 y1/γ1 + d1/γ11
)]γ1
+ |A1|− 12 b1
[
f
(
a
1/γ1
1
b1/γ11
)]γ1
y + |A1|− 12 d1
[
f
(
c
1/γ1
1
d1/γ11
)]γ1
so that
ψ2(ψ1 f )(x)
= |A2|−1/2(b2x + d2)
[
ψ1 f
(
a
1/γ2
2 x
1/γ2 + c1/γ22
b1/γ22 x1/γ2 + d1/γ22
)]γ2
+|A2|−1/2b2
[
ψ1 f
(
a
1/γ2
2
b1/γ22
)]γ2
x + |A2|−1/2d2
[
ψ1 f
(
c
1/γ2
2
d1/γ22
)]γ2
= |A2|− 12 (b2x + d2)
[
|A1|− 12
(
b1
(
a
1/γ2
2 x
1/γ2 + c1/γ22
b1/γ22 x1/γ2 + d1/γ22
)
+ d1
)
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×
 f

a
1/γ1
1
(
a
1/γ2
2 x
1/γ2+c1/γ22
b1/γ22 x
1/γ2+d1/γ22
)1/γ1
+ c1/γ11
b1/γ11
(
a
1/γ2
2 x
1/γ2+c1/γ22
b1/γ22 x
1/γ2+d1/γ22
)1/γ1
+ d1/γ11


γ1
+|A1|−1/2b1
[
f
(
a
1/γ1
1
b1/γ11
)]γ1( a1/γ22 x1/γ2 + c1/γ22
b1/γ22 x1/γ2 + d1/γ22
)
+|A1|−1/2d1
[
f
(
c
1/γ1
1
d1/γ11
)]γ1]γ2
+|A2|− 12 b2
[
|A1|− 12
(
b1
a
1/γ2
2
b1/γ22
+ d1
) f
 a
1/γ1
1
a
1/γ1γ2
2
b1/γ1γ22
+ c1/γ11
b1/γ11
a
1/γ1γ2
2
b1/γ1γ22
+ d1/γ11


γ1
+|A1|− 12 b1
[
f
(
a
1/γ1
1
b1/γ11
)]γ1 a1/γ22
b1/γ22
+ |A1|− 12 d1
[
f
(
c
1/γ1
1
d1/γ11
)]γ1]γ2
x
+|A2|− 12 d2
[
|A1|− 12
(
b1
c
1/γ2
2
d1/γ22
+ d1
) f
 a
1/γ1
1
c
1/γ1γ2
2
d1/γ1γ22
+ c1/γ11
b1/γ11
c
1/γ1γ2
2
d1/γ1γ22
+ d1/γ11


γ1
+|A1|− 12 b1
[
f
(
a
1/γ1
1
b1/γ11
)]γ1 c1/γ22
d1/γ22
+ |A1|− 12 d1
[
f
(
c
1/γ1
1
d1/γ11
)]γ1]γ2
= (ψ2ψ1) f (x).
Thus (ψ2ψ1) f = ψ2(ψ1 f ) and the formula in the statement of this lemma does indeed
define an action of 0L(2, q) on F . In order to show that in fact P0L(2, q) acts on F , we need
to show that the elements of 0L(2, q) corresponding to the scalar matrices are in the kernel
of the magic action. Thus, let ψ ∈ 0L(2, q) be ψ : x 7→ Ax where A =
(
a 0
0 a
)
and a 6= 0.
We have
ψ f (x) = (a2)−1/2a f
(
ax
a
)
= f (x). 2
We remark that in each term of the formula for the magic action, the denominator of the
argument of f γ is always a factor. Thus, for example, d f γ (c/d) is interpreted as 0 if d = 0,
and so on.
LEMMA 2. The function f ∈ F defined by f (x) = x1/2 is fixed by every ψ ∈ P0L(2, q)
under the magic action.
PROOF. This is proved by direct substitution. Let ψ : x 7→ Axγ where A =
(
a b
c d
)
∈
GL(2, q) and γ ∈ Aut GF(q). Note that if f (x) = x1/2 then f γ (x) = f (x) and
ψ f (x) = |A|−1/2
(
(bx + d)
(
ax + c
bx + d
)1/2
+ bx
(
a
b
)1/2
+ d
(
c
d
)1/2)
= |A|−1/2(a1/2d1/2x1/2 + b1/2c1/2x1/2)
= x1/2. 2
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LEMMA 3. The magic action of P0L(2, q) on F is (projective) semi-linear and the magic
action of the subgroup PGL(2, q) on F is (projective) linear.
PROOF. Let ψ ∈ P0L(2, q) be ψ : x 7→ Axγ for A =
(
a b
c d
)
∈ GL(2, q) and γ ∈
Aut GF(q). Let f, g ∈ F and k ∈ GF(q). The proof follows by straightforward verification,
noting that ( f + g)γ = f γ + gγ and (k f )γ = kγ f γ . 2
A corollary of this last lemma is that the magic action of P0L(2, q) on F is determined by
the magic action of a collection of generators for P0L(2, q). In particular, we will often use
the following generators:
σa : x 7→
(
a 0
0 1
)
x, σa f (x) = a−1/2 f (ax) for a ∈ GF(q) \ {0},
τc : x 7→
(
1 0
c 1
)
x, τc f (x) = f (x + c)+ f (c), for c ∈ GF(q),
φ : x 7→
(
0 1
1 0
)
x, φ f (x) = x f (x−1)
ργ : x 7→ xγ , ργ f (x) = f γ (x) for γ ∈ Aut GF(q).
2.1. The magic action on the set of o-permutations for PG(2, q), q even. By the transitivity
of P0L(3, q) on ordered quadrangles in PG(2, q),we can assume that a given oval has nucleus
(0, 0, 1) and contains the points (1, 0, 0), (0, 1, 0) and (1, 1, 1). Such an oval can be written
in the form
D( f ) = {(1, t, f (t)) : t ∈ GF(q)} ∪ {(0, 1, 0)}
where f is a (permutation) polynomial of degree at most q−2 satisfying f (0) = 0, f (1) = 1
and such that for each s ∈ GF(q) the function fs where fs(0) = 0 and fs(x) = ( f (x +
s) + f (s))/x, x 6= 0 is a permutation (see [9], but note that this and other references use
the D notation to represent a hyperoval). Conversely, any polynomial f satisfying the above
conditions gives rise to an oval D( f ) with nucleus (0, 0, 1). Such a polynomial will be called
an o-polynomial for PG(2, q).
If we do not require that f (1) = 1 (equivalently, we drop the condition that the oval must
contain (1, 1, 1)) but retain the other conditions, then f is an o-permutation for PG(2, q).
Associated with an o-polynomial are q−1 o-permutations, being the non-zero scalar multiples
of the o-polynomial. With an o-permutation f is associated a unique o-polynomial (1/ f (1)) f .
For f ∈ F , we use 〈 f 〉 to denote the one-dimensional subspace of F containing f ; if f is
an o-polynomial this comprises the zero polynomial together with the q − 1 o-permutations
associated with f . Under a slight extension of the standard notation, if f is an o-permutation
then we use
D( f ) = {(1, t, f (t)) : t ∈ GF(q)} ∪ {(0, 1, 0)}.
Clearly, the q−1 ovalsD( fi )where the fi are o-permutations associated with an o-polynomial
f are equivalent under PGL(3, q).
The next results elucidate the relationship between o-permutations which are equivalent
under the magic action of P0L(2, q) and ovals which are equivalent under the natural action
of P0L(3, q) on PG(2, q).
THEOREM 4. Let f be an o-permutation for PG(2, q) and let ψ ∈ P0L(2, q) be ψ : x 7→
Axγ for A =
(
a b
c d
)
∈ GL(2, q) and γ ∈ Aut GF(q). Then g = ψ f is also an o-
permutation for PG(2, q). In fact D(g) = ψD( f ) where ψ ∈ P0L(3, q) is defined by
Automorphisms of generalized quadrangles 221
ψ : x 7→ Axγ where
A =
(
a b 0
c d 0
aψ f ( c
a
)
bψ f ( db ) |A|1/2
)
.
(Note that the definition of ψ in this theorem depends on f.)
PROOF. We verify that D(g) = ψD( f ) by direct computation. First,
ψD( f )
= {ψ(1, t, f (t)) : t ∈ GF(q)} ∪ {ψ(0, 1, 0)}
= {A(1, tγ , ( f (t))γ ) : t ∈ GF(q)} ∪ {A(0, 1, 0)}
= {A(1, t, f γ (t)) : t ∈ GF(q)} ∪ {A(0, 1, 0)}
=
{(
a + bt, c + dt, |A|1/2 f γ (t)+ bψ f
(
d
b
)
t + aψ f
(
c
a
))
: t ∈ GF(q)
}
∪
{(
b, d, bψ f
(
d
b
))}
=
{(
1,
c + dt
a + bt ,
|A| 12 f γ (t)+ bψ f ( db )t + aψ f ( ca )
a + bt
)
: t ∈ GF(q)
∖{
a
b
}}
∪
{
(0, 1, 0),
(
b, d, bψ f
(
d
b
))}
.
On substituting x = (c + dt)/(a + bt), we obtain{
(1, x, y) : x ∈ GF(q) \
{
d
b
}}
∪
{
(0, 1, 0),
(
b, d, bψ f
(
d
b
))}
,
where
y = |A|
1
2 f γ ( ax+cbx+d )(bx + d)+ bψ f ( db )(ax + c)+ aψ f ( ca )(bx + d)
|A| ,
which is in fact {(1, x, ψ f (x)) : x ∈ GF(q)} ∪ {(0, 1, 0)}. This set of points is an oval, con-
taining the points (1, 0, 0) and (0, 1, 0), and with nucleus (0, 0, 1); so ψ f is an o-permutation.
2
COROLLARY 5. Let f be an o-permutation for PG(2, q) and let ψ ∈ P0L(2, q). If ψ f ∈
〈 f 〉 then ψ , defined as in Theorem 4, multiplied by
( 1 0 0
0 1 0
0 0 k
)
for some k ∈ GF(q) \ {0}, is
in the stabilizer of D( f ) in P0L(3, q).
THEOREM 6. Let f and g be o-permutations for PG(2, q), and suppose further that
D( f ) and D(g) are equivalent under P0L(3, q). Then there exists ψ ∈ P0L(2, q) such that
ψ f ∈ 〈g〉.
PROOF. Since D(g) is projectively equivalent to D( f ), then also D(kg) is projectively
equivalent to D( f ) for each k ∈ GF(q) \ {0}. Let η ∈ P0L(3, q) be such that η : x 7→ Bxγ ,
B ∈ GL(3, q), γ ∈ Aut GF(q) and D(kg) = ηD( f ). If φ ∈ PGL(3, q) is φ : x 7→ Bx , then
we have D(kg) = φD( f γ ). Since φ fixes (0, 0, 1), φ(1, 0, 0) ∈ D(kg), φ(0, 1, 0) ∈ D(kg)
and φ(1, 1, f (1)) ∈ D(kg), it follows easily that B has the form(
a b 0
c d 0
ag
(
c
a
)
bg
( d
b
) ( 1
f (1)
)(
(b + a)g( d+cb+a )+ bkg( db )+ akg( ca ))
)
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for some a, b, c, d ∈ GF(q) with ad + bc 6= 0 (making the appropriate adjustments if some
of a, b, c, d are zero). We choose
k = (|A|1/2 f (1)+ (a + b)g((c + d)/(a + b)))/(ag(c/a)+ bg(d/b))
(noting that since D(g) is an oval the denominator is not zero), then B has the form(
a b 0
c d 0
ag
(
c
a
)
bg
( d
b
) |A|1/2
)
.
But then η = ψ where ψ ∈ P0L(2, q) is ψ : x 7→ Axγ where A =
(
a b
c d
)
, by Theorem 4.
Thus D(kg) = ψD( f ) = D(ψ f ) and the result follows. 2
COROLLARY 7. Let f be an o-permutation for PG(2, q). Then each element of the stabi-
lizer of D( f ) in P0L(3, q) is of the form ψ, as in Theorem 4, multiplied by
( 1 0 0
0 1 0
0 0 k−1
)
for some k ∈ GF(q) \ {0}, for some ψ ∈ P0L(2, q) such that ψ f ∈ 〈 f 〉.
COROLLARY 8. If q ≥ 8 then the q + 2 o-polynomials which represent a conic D( f ) in
PG(2, q) with nucleus (0, 0, 1) are x1/2 together with the points of a normal rational curve
in the ((q − 2)/2 − 1)-dimensional projective space with underlying vector space a certain
(q − 2)/2-dimensional subspace of F .
PROOF. If q ≥ 8 then the q + 2 o-polynomials which represent a conic D( f ) in PG(2, q)
with nucleus (0, 0, 1) are the monomials x2, x1/2 and x−1, together with the polynomials
g1(x) =∑(q−2)/2i=1 x2i and gs(x) =∑(q−2)/2i=1 (s+1)s2i−1x2i for s ∈ GF(q)\{0, 1} (see [14]).
In the (q − 2)/2-dimensional subspace of F spanned by the vectors x2, x4, . . . , xq−2, the
polynomials apart from x1/2 are the vectors (1, 0, . . . , 0), (0, 0, . . . , 1), (1, 1, . . . , 1) and ((s+
1)s, (s+ 1)s3, . . . , (s+ 1)sq−3) for s ∈ GF(q) \ {0, 1}. In the corresponding ((q − 2)/2− 1)-
dimensional projective space they form the normal rational curve {(1, s, s2, . . . , s(q−4)/2) : s ∈
GF(q)} ∪ {(0, . . . , 0, 1). 2
3. AUTOMORPHISMS OF HERDS
We recall the following lemma from [16]. Let G be the group introduced in Section 1.1.
LEMMA 9 ([1, 6, 7, 16]). Let
C =
{( f0(t) t1/2
0 κ f∞(t)
)
: t ∈ GF(q)
}
be a (normalized) q-clan. Each of the collections C′ of matrices below is also a q-clan, and
GQ(C′) is isomorphic to GQ(C).
(i) Let a ∈ GF(q) \ {0}, then
C′ =
{(
a−1/2 f0(at) t1/2
0 a−1/2κ f∞(at)
)
: t ∈ GF(q)
}
.
(ii) Let c ∈ GF(q), then
C′ =
{( f0(t + c)+ f0(c) t1/2
0 κ f∞(t + c)+ κ f∞(c)
)
: t ∈ GF(q)
}
.
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(iii)
C′ =
{(
t f0(t−1) t1/2
0 tκ f∞(t−1)
)
: t ∈ GF(q)
}
.
(iv) Let γ ∈ A, then
C′ =
{( f γ0 (t) t1/2
0 κγ f γ∞(t)
)
: t ∈ GF(q)
}
.
(v)
C′ =
{( f0(t)/ f0(1) t1/2
0 f0(1)κ f∞(t)
)
: t ∈ GF(q)
}
.
LEMMA 10. Letψ ∈ P0L(2, q)whereψ : x 7→ Axγ for A ∈ GL(2, q) and γ ∈ Aut GF(q).
(i) If
C =
{( f0(t) t1/2
0 κ f∞(t)
)
: t ∈ GF(q)
}
is a q-clan then so is
C =
{(
ψ f0(t) t1/2
0 ψ(κ f∞(t))
)
: t ∈ GF(q)
}
.
(ii) If {D( fs) : s ∈ GF(q) ∪ {∞}} is a herd then so is {D( f ′s ) : s ∈ GF(q) ∪ {∞}}, where
f ′0(t) = ψ f0(t)/ψ f0(1),
f ′∞(t) = ψ f0(1)ψ f∞(t),
f ′s (t) =
f ′0(t)+ s1/2t1/2 + κγ s f ′∞(t)
1 + s1/2 + κγ s , s ∈ GF(q) \ {0}.
PROOF. (i) By parts (i)–(iv) of Lemma 9, the statement holds for ψ a generator (σa, τc, φ
or ργ ) of P0L(2, q). Thus it holds for every ψ ∈ P0L(2, q).
(ii) If {D( fs) : s ∈ GF(q) ∪ {∞}} is a herd then
C =
{( f0(t) t1/2
0 κ f∞(t)
)
: t ∈ GF(q)
}
is a q-clan. By Part (i) of this theorem, it follows that
C =
{(
ψ f0(t) t1/2
0 κγψ( f∞(t))
)
: t ∈ GF(q)
}
is also a q-clan, and by Part (v) of Lemma 9
C =
{(
ψ f0(t)/ψ f0(1) t1/2
0 κγψ f0(1)ψ( f∞(t))
)
: t ∈ GF(q)
}
is also a q-clan. Thus {D( f ′s ) : s ∈ GF(q) ∪ {∞}} is a herd, noting that trace(κγ ) = trace(κ)
= 1. 2
Let H(C) = {D( fs) : s ∈ GF(q) ∪ {∞}} and H(C′) = {D( f ′t ) : t ∈ GF(q) ∪ {∞}} be
herds. We say that H(C) and H(C′) are isomorphic if there exists ψ ∈ P0L(2, q) such that
for all s ∈ GF(q) ∪ {∞} we have ψ fs ∈ 〈 f ′t 〉 under the magic action, and where the in-
duced map s 7→ t is a permutation of GF(q) ∪ {∞}. An automorphism of a herd H(C)
is an isomorphism from H(C) to itself and the automorphism group AutH(C) of H(C) is
the group of all automorphisms of H(C). In other words, the automorphism group of a herd
H(C) = {D( fs) : s ∈ GF(q)∪{∞}} is the stabilizer of {〈 fs〉 : s ∈ GF(q)∪{∞}} in P0L(2, q),
under the magic action.
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3.1. The automorphism groups of all known herds. The known infinite families of herds
are the classical herds, the FTWKB herds, the Payne herds and the Subiaco herds [7]. There
are also some examples of herds in fields of small order [32], conjectured to belong to a new
infinite family. We now calculate the automorphism groups of the first three infinite families,
and comment on the further examples.
We call a herd classical if the associated GQ is isomorphic to the GQ comprising the points
and lines of the hermitian variety H(3, q2); in this case the flock is linear and the translation
plane is Desarguesian. The normalized q-clan is
C =
{(
t1/2 t1/2
0 κt1/2
)
: t ∈ GF(q)
}
(for κ ∈ GF(q) with trace(κ) = 1). The classical herd is {D( fs) : s ∈ GF(q) ∪ {∞}}, where
fs(x) = x1/2 for all s ∈ GF(q) ∪ {∞}.
We call a herd FTWKB if q is even and not a square and the associated flock arises by the
geometrical construction of Fisher and Thas [8, Theorem 3.10]; in this case the correspond-
ing translation planes were discovered by Walker [37] (using flocks) and independently by
Betten [4]. The associated GQ was discovered by Kantor [10]. The normalized q-clan is
C =
{(
t1/4 t1/2
0 t3/4
)
: t ∈ GF(q)
}
and is classical if and only if q = 2.
The Payne herd [19], for q even and not a square, has normalized q-clan
C =
{(
t1/6 t1/2
0 t5/6
)
: t ∈ GF(q)
}
.
It is classical if and only if q = 2, and FTWKB if and only if q = 8.
The Subiaco herd [7], for q even, has normalized q-clan
C = Cδ =
{( f0(t) t1/2
0 κ f∞(t)
)
: t ∈ GF(q)
}
,
where, for some δ ∈ GF(q) with δ2 + δ + 1 6= 0 and trace(1/δ) = 1, we have
κ = δ
2 + δ5 + δ1/2
δ(1 + δ + δ2)
f0(t) = δ
2(t4 + t)+ δ2(1 + δ + δ2)(t3 + t2)
(t2 + δt + 1)2 + t
1/2
f∞(t) = δ
4t4 + δ3(1 + δ2 + δ4)t3 + δ3(1 + δ2)t
(δ2 + δ5 + δ1/2)(t2 + δt + 1)2 +
δ1/2
(δ2 + δ5 + δ1/2) t
1/2.
It is classical if and only if q = 2 or 4 and is FTWKB (or Payne) if and only if q = 8.
THEOREM 11. Let q = ph . The automorphism group of a classical herd and of an FTWKB
herd is P0L(2, q). The automorphism group of a Payne herd for q = 2h ≥ 32 is D2(q−1)×Ch .
The automorphism group of a Subiaco herd for q ≥ 16 is Cq+1 × C2h .
PROOF. First, let H(C) = {D( fs) : s ∈ GF(q) ∪ {∞}} be a classical herd; so fs(x) = x1/2
for all s ∈ GF(q) ∪ {∞}. The result follows from Lemma 2.
Next, let q ≥ 4 and letH(C) = {D( fs) : s ∈ GF(q)∪{∞}} be an FTWKB herd; so f∞(x) =
x3/4 and fs(x) = (x1/4+sx3/4+s1/2x1/2)/(1+s+s1/2) for s ∈ GF(q). We consider the magic
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action of the generators of P0L(2, q) on the herd, noting that because of the semilinearity of
the magic action we can essentially ignore the denominator in the expression for fs(x). For
a ∈ GF(q) \ {0}, we have σa f0(x) = a−1/4x1/4 ∈ 〈 f0(x)〉 and σa f∞(x) ∈ 〈 f∞(x)〉. Further,
σa fs(x) ∈ 〈a−1/4(x1/4 + a1/2sx3/4 + a1/4s1/2x1/2)〉 = 〈 fa1/2s(x)〉. For c ∈ GF(q), we have
τc f0(x) = x1/4 ∈ 〈 f0(x)〉 and τc f∞(x) = c1/2(x1/4+c−1/2x3/4+c−1/4x1/2)〉 = 〈 fc−1/2(x)〉.
Further, τc fs(x) ∈ 〈x1/4 + (s−1 + c1/2)−1x3/4 + (s−1/2 + c1/4)−1x1/2〉 = 〈 f(s−1+c1/2)−1(x)〉.
Also, φ f0(x) = x3/4 ∈ 〈 f∞(x)〉, φ f∞(x) = x1/4 ∈ 〈 f0(x)〉 and φ fs(x) = s(x1/4+s−1x3/4+
s−1/2x1/2) ∈ 〈 fs−1(x)〉. Finally, ργ f0(x) = f0(x), ργ f∞(x) = f∞(x) and ργ fs(x) =
fsγ (x) for s ∈ GF(q).
Now let q = 2h ≥ 32 and let H(C) = {D( fs) : s ∈ GF(q) ∪ {∞}} be a Payne herd;
so f∞(x) = x5/6 and fs(x) = (x1/6 + sx5/6 + s1/2x1/2)/(1 + s + s1/2) for s ∈ GF(q).
Again, we only need to consider the generators of P0L(2, q), and by semilinearity we can
essentially ignore the denominator in the expression for fs(x). For a ∈ GF(q) \ {0}, we have
σa f0(x) ∈ 〈 f0(x)〉 and σa f∞(x) ∈ 〈 f∞(x)〉. Further, σa fs(x) ∈ 〈a−1/3(x1/6 + a2/3sx5/6 +
a1/3s1/2x1/2)〉 = 〈 fa2/3s(x)〉. Also, φ f0(x) = x1/6 ∈ 〈 f∞(x)〉, φ f∞(x) = x5/6 ∈ 〈 f0(x)〉
and φ fs(x) ∈ 〈s fs−1〉. Finally, ργ f0(x) = f0(x), ργ f∞(x) = f∞(x) and ργ fs(x) = fsγ (x)
for s ∈ GF(q). On the other hand, for c ∈ GF(q) \ {0} we have τc f0(x) 6∈ 〈 fs〉 for any
s ∈ GF(q) ∪ {∞}, by inspection. Thus D2(q−1) is contained in AutH(C), but PGL(2, q) is
not, and the maximality of D2(q−1) in PGL(2, q) implies the result.
Let q ≥ 16 and let H(C) = {D( fs) : s ∈ GF(q) ∪ {∞}} be the Subiaco herd. Let ψ1 ∈
PGL(2, q) beψ1 : x 7→ Ax where A =
(
δ 1
1 0
)
. Thenψ1 f0(x) = x f0((δx+1)/x)+ f0(δ)x ,
which is shown to be f0(x) + κ(δ + δ3 + δ5) f∞(x) + (δ + δ3 + δ5)1/2x1/2 ∈ 〈 fδ+δ3+δ5〉.
Similarly, ψ1 f∞(x) = x f∞((δx + 1)/x)+ f∞(δ)x , which is shown to be
1
κ
f0(x)+ (1 + δ + δ3 + δ5) f∞(x)+ (1 + δ + δ
3 + δ5)1/2
κ
x1/2 ∈ 〈 f1+δ+δ3+δ5〉.
Finally, for s ∈ GF(q) \ {0}, we have
ψ1 fs(x) =
(
1
1 + κs + s1/2
)(
ψ1 f0(x)+ κsψ1 f∞(x)+ s1/2ψ1(x1/2)
)
which simplifies to
=
(
1
1 + κs + s1/2
)
[(s + 1) f0(x)+ κ((s + 1)(δ + δ3 + δ5)+ s) f∞(x)
+ ((s + 1)(δ + δ3 + δ5)1/2 + s + s1/2)x1/2]
and is therefore in 〈 ft (x)〉 for t = (δ + δ3 + δ5) + s/(s + 1). Thus the element ψ1 lies in
AutH(C), and we need to find its order. Consider the characteristic polynomial x2+δx+1 of
A over GF(q). If a ∈ GF(q2) is a zero, then aq is also a zero; so x2+δx+1 = (x+a)(x+aq).
Thus aq+1 = 1 and the zeros of x2 + δx + 1 have order q + 1. Conversely, the minimum
polynomial of a ∈ GF(q2) is (x + a)(x + aq) = x2 + (a + aq)x + aq+1. If aq+1 = 1 then
a is a zero of x2 + δx + 1 where δ = a + aq ∈ GF(q). Hence there exists δ ∈ GF(q) such
that x2 + δx + 1 has zeros of order q + 1, and the corresponding matrix A has order q + 1.
Since all Subiaco GQs of a given order are isomorphic [31] and the herd is an invariant of
the associated GQ [17], we conclude that without loss of generality δ ∈ GF(q) is such that
x2 + δx + 1 has zeros of order q + 1, and hence ψ1 has order q + 1.
Now let ψ2 ∈ P0L(2, q) be ψ2 : x 7→ Ax2 where A =
(
1 0
δ−1 δ−1
)
. Then
ψ2 f0(x) = 1
δ1/2
f0(δ1/2x1/2 + 1)2 + 1
δ1/2
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= δ
2 + δ5 + δ1/2
δ1/2
f∞(x) ∈ 〈 f∞〉
and ψ2 f∞(x) = 1δ1/2 f∞(δ1/2x1/2 + 1)2 + 1δ1/2 can be shown to be
δ1/2(1 + δ + δ2)
(1 + δ3 + δ9) f0(x)+
(δ2 + δ5 + δ1/2)(1 + δ + δ3 + δ5)
δ1/2(1 + δ3 + δ9) f∞(x)
+δ(1 + δ + δ
2)2 + δ1/2(1 + δ + δ2)
1 + δ3 + δ9 x
1/2
which is in 〈 ft 〉 where t = 1 + δ + δ3 + δ5. Finally, for s ∈ GF(q) \ {0}, we have
ψ2 fs(x) =
(
1
1 + κs + s1/2
)2
(ψ2 f0(x)+ κ2s2ψ2 f∞(x)+ sψ2(x1/2))
which simplifies to
=
(
1
1 + κ2s2 + s
)[(
s2
δ1/2(1 + δ + δ2)
)
f0(x)
+
(
1 + δ3/2 + δ9/2 + (1 + δ
3/2 + δ9/2)(1 + δ + δ3 + δ5)s2
δ(1 + δ + δ2)2
)
f∞(x)
+
(
s2 + s + s
2
δ1/2(1 + δ + δ2)
)
x1/2
]
and is therefore in 〈 ft (x)〉 for t = (δ + δ3 + δ5)/s2 + 1 + δ + δ3 + δ5.
Thus the element ψ2 ∈ AutH(C), and we need to find its order. The hth power of ψ2
maps x = (x1, x2)T to x ′ = (x1, δx1 + x2)T ; so the 2hth power of ψ2 is the identity, since
trace(1/δ) = 1. Thus ψ2 has order 2h, since no smaller power of it is the identity.
Further, 〈ψ1〉∩〈ψ2〉 is the identity and ψ2ψ1ψ−12 = ψ21 ; so 〈ψ2〉 ∼= C2h normalizes 〈ψ1〉 ∼=
Cq+1. We have therefore shown that the Subiaco herd admits Cq+1 × C2h as automorphism
group. It is straightforward to verify that σδ−1 does not fixH(C), and the result follows by the
maximality of Cq+1 × C2h in P0L(2, q). 2
We recall the following theorem.
THEOREM 12 ([1], SEE [26, PP. 39–40]). The number of orbits of the group AutH(C)
on PG(1, q) in the natural action is the number of isomorphism classes of flocks arising from
GQ(C) by derivation.
It is now immediate that in the classical, FTWKB and Subiaco cases, just one flock arises
(up to isomorphism) by derivation. In contrast, the Payne flock quadrangle gives rise to two
isomorphism classes of flocks.
In the Subiaco herd H(C), the q-clan C = Cδ depends on the choice of δ ∈ GF(q) with
δ2 + δ + 1 6= 0 and trace(1/δ) = 1. (In fact the restriction δ2 + δ + 1 6= 0 can be removed by
using a different description of the Subiaco q-clans, such as that in [31].) For , δ, δ′ ∈ GF(q)
satisfying 2 + δ′ + (δ′/δ)2 + 1 = 0, let A =
(
1 0
 δ′/δ
)
and let ψ ∈ P0L(2, q) be
ψ : x 7→ Ax . Then it can be verified that ψH(Cδ) = H(Cδ′). We omit the details, except to
note that ((δ′/δ)2 + 1)/(δ′)2) = δ−2 + (δ′)−2 has trace 0, since trace(1/δ) = trace(1/δ′) = 0
by hypothesis, so that the above quadratic equation in  has solutions. The equivalence of the
Subiaco herds was previously proved in [17, 31].
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Finally, we remark that Payne, Penttila and Royle [32, 33] have constructed a q-clan, and
hence a herd of ovals, for each q = 4k with k = 3, 4, 5, 6, 7 and 8. Each of the herds admits a
cyclic automorphism of order q + 1 in PGL(2, q), and a further involution. Thus each admits
D2(q+1), a maximal subgroup of PGL(2, q). The automorphism group does not contain ργ for
γ 6= 1, hence the herd does not admit the whole of PGL(2, q) as automorphism group. The
full automorphism group is therefore D2(q+1) in each case.
3.2. Characterizations.
LEMMA 13. If two ovals in a herd coincide or if a herd contains D(x1/2) then the herd is
classical.
PROOF. Suppose that two ovals in a herd coincide. By [7, Proof of Theorem 1], we can
assume that f0 = f∞. Then,
fκ−1(t) =
f0(t)+ f0(t)+ κ−1/2t1/2
1 + 1 + κ−1/2 = t
1/2
so the herd contains a conic D(x1/2). By [16] the herd is classical. 2
Thus a classical herd corresponds to the one-dimensional subspace 〈x1/2〉 of F . On the
other hand, a non-classical herd H(C) corresponds to a three-dimensional subspace of F,
as follows. Let pi(C) = 〈 f0, x1/2, f∞〉 and suppose that the dimension of pi(C) as a vector
subspace of F is less than three; so there exist a, b, c ∈ GF(q) such that a f0(x) + bx1/2 +
c f∞(x) = 0 for all x ∈ GF(q). If a = 0 or c = 0 then D( f∞) or D( f0) (respectively) is
a conic; so the herd is classical by Lemma 13. We suppose that a 6= 0 6= c. If b = 0 then
f0 = (c/a) f∞; so c = a and D( f0) = D( f∞) and hence the herd is classical. If b 6= 0 then
a + b + c = 0 and fb/aκ(x) = x1/2; so the herd is classical by Lemma 13. In particular,
fs ∈ pi(C) for each s ∈ GF(q). Further, since by [7, Proof of Theorem 1] any two ovals in
a herd can be chosen to play the parts of f0 and f∞ in the definition of the herd, pi(C) is
independent of the choice of f0 and f∞ within a given herd. It also follows that the q + 1
o-polynomials corresponding to the ovals in a herd, as points ofF , lie one on each of the q+1
lines of pi(C) on the point 〈x1/2〉.
We now prove two characterizations of classes of known herds in terms of their automor-
phism groups.
THEOREM 14. If the automorphism group of a herd contains a Sylow 2-subgroup of PGL
(2, q) then the herd is classical or FTWKB.
PROOF. Let H(C) be a herd such that AutH(C) contains a Sylow 2-subgroup G of PGL
(2, q). Since |G| = q is even and the number q + 1 of elements in the herd is odd, G fixes
〈 f 〉 for some f ∈ H(C). By Corollary 5, the group G = {ψ : ψ ∈ G} (where ψ is as in
Theorem 4) is a subgroup of PGL(3, q) fixing D( f ). It is clear that |G| = q, and in fact G is
a group of elations with axis a tangent ofD( f ) (since G fixes the common nucleus (0, 0, 1) of
each oval in the herd, and D( f ) has an odd number of points so one point is fixed). Therefore
G is transitive on a q-arc contained in D( f ), hence D( f ) is a translation oval (by [15]).
By [16], the herd is either classical or FTWKB. 2
THEOREM 15. If the automorphism group of a herd contains Cq−1 ≤ PGL(2, q) then the
herd is either classical, FTWKB or Payne.
228 C. M. O’Keefe and T. Penttila
PROOF. Let H(C) be a herd such that AutH(C) contains a subgroup Cq−1 ≤ PGL(2, q).
Now |Cq−1| = q − 1, and there are q + 1 elements in the herd; so Cq−1 fixes two of them,
say 〈 f 〉 and 〈g〉. As in the proof of Theorem 14, Cq−1 induces a subgroup Cq−1 of PGL(3, q)
fixing each of D( f ) and D(g). Since Cq−1 fixes the nucleus (0, 0, 1) of D( f ), and is a cyclic
group acting transitively on a (q − 1)-arc contained in D( f ), it follows that f is a mono-
mial function ([19], see [15]). Similarly, g is a monomial function. The result now follows
from [16] and [34]. 2
4. EQUIVALENCE OF MODELS
We recall that with a herd there is associated a (normalized) q-clan C and hence also a
generalized quadrangle GQ(C). Conversely, with a (normalized) q-clan C and corresponding
generalized quadrangle GQ(C), there is associated a herdH(C). In this section we discuss the
relationship between the automorphism group of the herd H(C) and the automorphism group
of the generalized quadrangle GQ(C).
For all of the known examples, the automorphism groups of GQ(C) have been calculated.
Let q = 2h . The automorphism group of GQ(C) ∼= H(3, q2) is the projective unitary group of
order 2q6(q2 − 1)(q3 + 1)(q4 − 1)h. The automorphism group of the FTWKB GQ has order
q6(q + 1)(q − 1)2h [22]. The automorphism group of the Payne GQ has order 2q5(q − 1)2h.
[22]. The automorphism group of the Subiaco GQ has order 2q5(q + 1)(q − 1)h [1, 23, 31].
The automorphism group of each of the six new GQ described at the end of Section 3.1
has order 2q5(q + 1)(q − 1)h. We remark that for a non-classical G Q(C), the orders of the
automorphism groups of the herd H(C) and the generalized quadrangle GQ(C) differ by a
factor of q5(q − 1) corresponding to the kernel of the action on the lines through (∞). The
group of the classical generalized quadrangle is larger since it is transitive on the points.
Now we discuss the general non-classical case; so let C be a non-classical q-clan. In Sec-
tion 1, we constructed GQ(C) by means of a 4-gonal family in a group G. There have been
several different isomorphic copies of G used for this in the literature, notably G⊗ introduced
by Payne [24].
THEOREM 16. Two herds are isomorphic if and only if the corresponding generalized
quadrangles are isomorphic.
PROOF. Let GQ(C) and GQ(C′) be generalized quadrangles with corresponding herdsH(C)
and H(C′). First, let ψ ∈ P0L(2, q) fix ∞ (in the natural action on PG(1, q)) and be such
that ψH(C) = H(C′) (in the magic action). Then GQ(C) and GQ(C′) are isomorphic, by [26,
Theorem 1.8.1]. Let φ ∈ P0L(2, q) be φ: x 7→
(
0 1
1 0
)
x . If φH(C) = H(C′) then GQ(C)
and GQ(C′) are isomorphic, by [26, p. 39]. Since P0L(2, q) is generated by the stabilizer of
∞ together with φ, we have shown that if H(C) and H(C′) are isomorphic, that is, there
exists ψ ∈ P0L(2, q) with ψH(C) = H(C′), then GQ(C) and GQ(C′) are isomorphic.
Now, let ρ: GQ(C) → GQ(C′) be an isomorphism. In the rest of the proof, a ′ attached
to a symbol indicates that it is associated with GQ(C′), a ′′ indicates association with a
GQ(C′′) and so on. Without loss of generality we can assume that ρ maps (∞) to (∞) and
(0, 0, 0) to (0, 0, 0). Let s ∈ GF(q) ∪ {∞} be such that ρ maps [A(∞)] to [A′(s)]. Let i ′s
be as defined in [26, Very Important Concept, p. 43] and further studied in [26, 1.11]. Let
C′′ = (C′)i ′s . Then i ′s : GQ(C′) → GQ(C′′) is an isomorphism mapping [A′(s)] to [A′′(∞)].
Further, η = i ′s  ρ: GQ(C) → GQ(C′′) is an isomorphism mapping (∞) to (∞), (0, 0, 0)
to (0, 0, 0)and [A(∞)] to [A′′(∞)]. By [26, Theorems 1.8.1, 1.9.1 and 1.9.3], we have that
η = θ(σ, A, B) (in the sense of [26]) for some σ ∈ Aut GF(q) and some A, B ∈ GL(2, q).
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Letting ψ ∈ P0L(2, q) be ψ : x 7→ (A2)T xσ and applying [26, 1.55] (in the style of [26,
1.13.1]) we see that ψ maps C to ψC = C′′. Thus H(C′′) = H(ψC) and by [26, pp. 38–39],
we have that H(C′′) and H(C′) are isomorphic. 2
COROLLARY 17. The automorphism group of H(C) is isomorphic to the stabilizer of (∞)
in Aut GQ(C), acting on the set of lines through (∞).
We remark that in all but the classical case, the stabilizer of (∞) in Aut GQ(C) is Aut GQ(C)
itself.
In the classical GQ(C), which is the Hermitian variety H(3, q2), the linewise stabilizer H of
(∞) is larger than in the non-classical case. For a point P ∈ H(3, q2), the lines on H(3, q2)
through P form a cone K with vertex P and base a Baer subline in the plane pi = P⊥ (where
⊥ is with respect to the associated hermitian form). By Witt’s Theorem, every collineation of
pi fixing each line of K extends to a collineation of PG(3, q2) fixing H(3, q2), and so to q of
them, one for each unitary transvection with centre P and axis pi fixing H(3, q2). There are
2q4(q2 − 1) collineations of pi fixing each line of K, namely the q4(q2 − 1) collineations
with centre P and the products of these with the semilinear involution fixing K. Hence |H | =
2q5(q2 − 1).
Let ψ ∈ P0L(2, q) be ψ : x 7→ Axσ . Then θ(σ, A, B) ∈ Aut GQ(C) acts on the set
{[A(t)]: t ∈ GF(q)∪{∞}} of lines of GQ(C) through (∞) asψ acts naturally on GF(q)∪{∞},
that is, via
ψ :
(
t
1
)
7→ A
(
t
1
)σ
(see [1]).
5. A HISTORICAL NOTE
The following is a brief account of how the magic action came into being.
The idea of relating equivalance of hyperovals to equivalence of o-polynomials was first
given serious attention by Cherowitzo in his 1988 paper [5], where the magic action restricted
to PGL(2, 2) × Aut GF(q) was implicit. Then, in 1991 O’Keefe and Penttila [14] implicitly
addressed the magic action of matrices of the form
(
1 0
0 s
)
on o-polynomials. These facts
are enough to generate the magic action, although much effort was required to arrive at the
final form given in Lemma 1 above. In particular, the magic action of matrices of the form(
1 0
c 1
)
was known to Cherowitzo in 1988 [5, map (6)].
On the other hand, there were several steps which needed to be made on the way to recognis-
ing the magic action. First, a shift of emphasis from hyperovals to ovals needed to be made.
Second, a shift of attention from the nucleus being (0, 1, 0) to the nucleus being (0, 0, 1)
needed to be made, equivalent to changing the canonical o-polynomial for a conic from the
traditional t2 to t1/2. Both of these changes have their roots in the 1985 papers of Payne [19]
and Cherowitzo et al. [7], where it is apparent that calculations with herds and flock quadran-
gles are better served in this setting.
Finally, in the work underlying the latter paper [7] embryonic versions of the magic action
in special instances were recognized. In particular, the ‘magic bullet’ ψ2 appeared in the
computer work with herds over fields of small square order, for once the Subiaco o-polynomial
f was found the second Subiaco o-polynomial g needed to define the herd was constructed
by applying the magic bullet. At that time, the magic bullet was expressed as a product of
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simpler transformations developed in [5] and [14]. It was also clear at that time that this
vaguely defined action on o-permutations also preserved herds.
Many discussions between O’Keefe, Penttila and Cherowitzo (and others, such as Pinneri)
went into the precise definition of the action. One breakthrough occurred when Penttila con-
vinced everyone else of the surprising fact that the definition of ψ actually depended on the
o-polynomial f . Also, the shift of attention from o-polynomial to o-permutations was pre-
ceded by a period of studying herd spaces.
There is one further point to be made. Once attention was shifted from hyperovals to ovals,
the facts that the group of an oval must fix its nucleus and that the group of a hyperoval
can contain no central collineation with centre on the hyperoval came into play. Together,
these facts imply that the group of an oval induces a group on the tangent lines to the oval.
This induced group is isomorphic to the original group and is a subgroup of P0L(2, q) in its
natural action. Thus, the reinterpretation of the embryonic magic action result in terms of an
action of P0L(2, q) on o-permutations became a reasonable aim.
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